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We study the momentum-space structure of the elementary excitations in liquid *He by calculat-
ing the change Sny(p) in the momentum distribution of atoms on creating an excitation of momen-
tum k. Jastrow and Jastrow plus triplet wave functions are used for the ground state, and the exci-,
tations are created with Feynman and Feynman-Cohen excitation operators. We find that the exci-
tations in the long-wavelength limit are harmonic vibrations with equal amount of change in kinetic
and potential terms. At large k, however, they become “single-particle”-like; and most of the ener-
gy comes from removing one particle from the ground-state momentum distribution and putting it
at states with p~k. The 8ny(p) is used to calculate the momentum distribution r(7,p) of the
liquid at low temperatures (<1 K). The temperature dependence of the fraction of atoms in the
p=0 condensate and the 1/p? and 1/p singularities of #(T,p) are discussed.

1. INTRODUCTION

The aim of this paper is to study the momentum-space
structure of elementary excitations in liquid *He. The
momentum distribution ny(p) of the atoms in the ground
state of liquid *He has been studied by the Green’s-
function Monte Carlo"? (GFMC) and variational®>*

methods. The initial variational calculations® used the
Jastrow (J) wave function:
‘I/0=Q‘N/2Hf(r,-j) ’ (11)
i<j _

for the ground state. Here ( is the normalization volume
and N is the number of particles. The thermodynamic
limit N—o, Q—c at fixed density p=N/Q is as-
sumed. Recently we* calculated the n,(p) with a more
realistic wave function, which contains optimized Jastrow
and three-body [Jastrow plus triplet (J 4+ T)] correlations:

Yo=Q N2 flr;) TI falryriesru) -
i<j i<j<k
The GFMC and variational ng(p) are in reasonable agree-
ment with each other and the experimental data.>$
In this work we consider the change &m (p) in the
momentum disiribution of atoms due to an elementary ex-
citation of momentum k. The wave functions and spectra
of elementary excitations in liquid “He have been studied
by many authors. The first approximation for the wave
function of an excitation of momentum k is Feynman’s:

Y =pr(k)¥ , (1.3).
prik)= ﬁ e (1.4)
i=1
An improved wave function,
Wy =pp(k)¥, , (1.5)
31

(1.2)

N
ppk)= 3 ™% [1+i S nlry ket ] , (1.6)
i=1 Jaki
was proposed by Feynman and Cohen’ to account for the
backflow current. We® have recently carried out detailed
variational calculations of the spectrum of elementary ex-
citations with the pp(k) and the J + T W¥,. A brief review

of the earlier work on the wave functions and the spec-

~ trum of excitations in liquid *He is also given in Ref. 8.

The energies obtained with these wave functions are satis-
factory for the phonons, but they are ~20% too high for
the maxons and rotons. We developed a perturbation ex-
pansion using correlated basis functions (CBF) generated
by the pp(k) operators. The second-order corrections to
the spectrum improve the agreement with experiment very
significantly.

In the next section we calculate the 8n,(p) using the
Jastrow ¥, and the Feynman pr(k). The general struc-
ture of 8ny(p) is discussed in detail, and the small and
large k limits are calculated analytically. In Secs. III and
IV we introduce the effects of the three-body and back-
flow correlations, respectively. At very low temperatures
(T'< 1K) the liquid can be described as low-density gas of
excitations. In this limit we can use the 8ny(p) to study
the low-temperature behavior of the momentum distribu-
tion of atoms in the liquid. This calculation is described
in Sec. V.

II. CALCULATIONS WITH FEYNMAN-JASTROW
WAVE FUNCTIONS

The dny(p) is given by
8ny(p)=ny(p)—no(p)
= f drip[n ey —nglry)le ~ P10,

where n,(r;y) is the one-body density matrix in the state

2.1)

x =0,k:
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N [ W2, . N, (1,2,...,Nd%, - d%ry

ny(ryp)=

[ 1w,2,..., M) |2d%, - dry
normalized so that
Q
W f nx(p)d3p =N .

Both n,(p) and no(p) are of order 1, and the difference
8ny(p) is of order 1/N.

In this section we calculate the 8n,(p) using Jastrow’s
approximation for the ¥, [Eq. (1.1)], and the Feynman
wave function [Eq. (1.3)] for the ¥,. The cluster expan-
sion of 8ny(p) is carried out in Sec. IIA. The small- and
large-k limits are calculated in Sec. II B, and the methods
used for numerical calculations are discussed in Sec. II C.

A. Cluster expansion

We use the diagrammatic method developed for nuclear
matter’ to calculate the cluster expansion of 3a,(p).
Fantoni’s® calculation of ngy(p) is repeated by using
methods of Ref. 9. The cluster expansion of ng(ry) is
obtained by expanding the numerator of ng(ryy) in
powers of the functions:

h(rij)=f2(r,-,-){—1, i’j#lyli

Crmj)=f{rm;)—1, m=11".
The integrals of this expansion are represented by dia-
grams which contain external points 1 and 1’ and any
number of internal points denoting particle coordinates to
be integrated. The functions h(ry;) and &l(r,;) are

represented by lines joining the points ij and mj. We ob-
tain

Yo=N [ Wylrpr,, ..., 1y)

(2.3)
(2.4)

X\I/Q(l'l,l'z, ceey rN)d3r2 ot d3P'N

=p{ [N+ [+ <[ IO+ -},

where [ I] denotes a connected diagram having the points
1 and 1, and [i], [J], etc., denote connected diagrams
having only A-lines. The products [I}[7], [{][{1[/], etc.,
represent disconnected diagrams. A sum over all dia-
grams Ii,j,..., is implied with the constraint that the
diagrams I,i,j---, in the disconnected diagram
[I1[i][j] - - + have no common particles. Thus the prod-
uct [I1X[i]s[11[{], since the product contains terms in
which I and { have common particles.

The denominator is expanded in powers of & only, and
we obtain

(2.5)

=

(2.2)

.,rN)d3r1"'d3ry

XOEf‘Ifg(rl,-- 7
=141+ 30+ -+ -
On performing the division® we get
notry)=p{ 11— [T~ (711 — - - - + (717
A+ AG+ - =+
Here overhead bars denote common particles. For exam-

ple ['I—][?] is the sum of the products of all diagrams I and
i that have one common particle. The diagrams I and i

(2.6)

(2.7)

contributing to [J][i] must have two common particles,
while only the diagrams I, i, and j that have one common

particle contribute to [T][{][j], etc. The order of magni-
tude of the contribution of a term in Eq. (2.7) is given by
N to power {the number of [ ] —1 —numbe{__(_)_f; — lines
—2Xnumber of —— lines —---}. Thus [T][i] has a
contribution of order N ~!, and it is neglected while calcu-
lating the ny(p).

Compact cluster expansions are obtained by noting that
the connected diagrams [ 1] and [ {] can be expressed as -

[1=[A]+[4a']+$[4a'b']+ 3 [4a'b']

+[4aB' ]+, (2.8)
[i1=[a]+5{ab]+ - , (2.9)

where A denotes irreducible diagrams which contain both
points 1 and 1'; and a',b',..., denote irreducible dia-
grams that may contain one or none of the points 1 and

1'. The term [22'] represents all the diagrams in [/]

with one articulation point. [ Aa’d’] is the sum of dia-
grams that can be broken into three pieces at one articula-

tion point, while [ 4a’b’'] and [ Aa’h’] are sums of dia-
grams with two articulation points etc. The irreducible
diagrams a,b, ..., that occur in the expansion of [Z] are
identical to the diagrams a’,b’, ..., when they do not in-
clude the point 1 or I’. Diagrams a’,b’, ..., that include
the point 1 or 1’, are formed with {-lines starting from 1
or 1’; whereas diagrams a,b, ..., which include the point
1 can come only from the [i] in denominator, and they
have only A-lines. The a,b, ..., cannot have point 1'.
On substituting Eqs. (2.8) and (2.9) in Eq. (2.7) we ob-
tain '

%no(fu')=[z4]+{[Aa']—[m]} +{5[4a'b'1—[4a'1[b]—+[41[ab]+[ A][a][b]}

—

+{314a'p' 1~ [ Aa'1[b] + [ ATaIL]) + ([ 455" ]~ [ Aa'T[6] — [AT[ab]+ [ATaTBI} + - - -

It can be easily verified that all the terms in the { } are
zero unless the common points are 1 and/or 1’. Let [a]]
and [a;] be the sums of irreducible a’ and q diagrams
with points 1, and [a) ] be the sum of irreducible dia-

(2.10)

I B
grams with point 1. The R, and R; of Ref. 3 are de-
fined as

Ry=[ai]=[a}], (2.11)



Ry=[a1]. (2.12)

The sum [ 4] can be factored out of the ny(7;r) to obtain

no(rip)=plAI[14+2R,—Ry+5(2Ry, —Ry*+ -+ 1.

(2.13)

The higher terms simply complete the exponential series,
and we obtain the well-known? expression:

nolriy)=p[A] exp(2R, —Ry)=p[A]n, ,

(2.14)

where n, is the fraction of particles in the p=0 conden-
sate. .
The cluster expansion of 8n(r;y) is calculated in the

same way. We express 6n,(r;+) as _

Y, Yo X X,
Snk(ru:)=ﬁ —k_ 0k I-Cy,, (2.15)
Xe | Xo Xo Xo | X '
Yk=N f zeik.rmn\yo(rl', avey I'N)
m,n
X‘I’o(l'1,---,r1v)d3rz"‘d3rN, .(2.16)
Xe= [ }_‘, T2 ey )dir diry . (217
_J
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In Eq. (2.16), m is summed from 1 to N and » from 1’ to
N, while in Eq. (2.17) for Xy both m and » are summed

-from 1 to N.

There are N terms with m =n in X, and their contri-
bution is NXo. The m=n terms are calculated by cluster
expansion. As in the theory of elementary excitations, the
exp(ik-t,,,) is represented in the cluster diagrams by an
exchange line from m to n. The sum of irreducible dia-
grams containing this line is denoted by [ B]. The ratio
Xy /X is easily calculated to be

Xy/Xo=N +[B]=NS (k) ; (2.18)

where S'(k) is the familiar static structure function. Since .
this ratio is of order N, we have to calculate the Uy in Eq.

-(2.15) to order 1.

The contribution of terms with m=n to Y; is
(N —1)Yy, and to Uy is —ng(r;y). The contribution of
m=£n terms has to be calculated with cluster expansion.
The m=£n terms of Yy can be wriften as

Yylmo£n)=p{[L]+ LI+ LI+ - -
+UINIT+ 0+ -0 ), (219

where L denotes connected diagrams that contain points 1
and 1’ and the line mn, while J denotes connected dia-
grams that contain the line mn but not the points 1 and
I’. The ratio is found to be

Yilm=n)/Xo=p{[L1—[ LI+ LI+ IL G0 +LIGIDT + - - -

+ =] — LT~ [N + -

We also obtain

(2.20)

YoXi(mstn) /(XoV=p{ 1[I+ T1[J1— T — [0 — 2L A — T — A0 — 210000+ - .

and thus,
Uy(m=n)=p{[L]—[L[{]+ - --

— 1171 +[I']'[J1Ti'1+[T]TJ']"[7]+[I]’[7][i]+z[n[n.[i] b}

2.21)

(2.22)

Let C denote irreducible diagrams containing points 1 and 1’ and the exchange line mn. We then have

[L1=[C1+[Ca']+3[CaB "+ +[Ca'b 1 +[Ca'B] +

[J]=[B]+[Bal+ - . L

+[4B'|+[4B'a']+[4B'a’1+[AF'a]+[4Ba']+ - - ,

(2.23)
(2.24)

The irreducible B’ diagrams are identical to the B diagrams when they do not contain points 1 or 1’. B’ diagrams con-
taining 1 or 1’ have {-line starting from 1 or 1’. Substituting Egs. (2.8}, (2.9), (2.23), and (2.24) in (2.22) we obtain

-Uk<m;en>—[01+{[0a'1 [Cllel}+ -+ +{[4B']

~[4 AN[B1}

+{[AFa']~ [ 4a |[B] - [ ][ Bal~ (3B TIe 1a]+2[A][B][a]}

+{[4B'a’1—[4a'1[B]—[ 4B'|[a] +[A1[B1[a]}

+{[ABa']—[Aa"1[B]—[ A1 Ba] + [ A Bla]} +

+{[4B'a'1—[ 4B"T[a]~ [ 4][Ba] + [ 4][Bl[a])}

2.25)

The terms in { } are nonzero only when the common patticles are 1 and/or 1'. All the terms with irreducible diagrams
C can be summed up to obtain [ Clexp(2R,, —R,). One of the [ 4][B][a] cancels [ A][Ba], and the { }’s starting from
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[4B"a] and [AT] give zero contribution because they must have a common partlcle other than 1 and I'. The two com-

mon particles in the terms of the { } starting with [ 4B'a’] must be 1 and 1’, otherwise this { } is zero. We denote by
. By, B} and B the irreducible diagrams contammg particles 1 and 1’. Note that there are no By diagrams. The terms
in Uy containing A diagrams are reordered in the following two series:

—[AI[B\1—[4a; 1B, 1—[4a7 (B, 1+ [A1B las]+ - ,-

+[AB} 1+14B1+[4B}a} 1 +[4Bja} |+ [4B1a' 1+ 4B1a |- [B1 Jla ]~ [ 4By ][a ] + - -
These series are summed to obtain the total Uy and 8ny(ry/) including m =n contribution as
Ue=p[Clexp(2R,, —Ry) —no(ry)(14+[B]—2[B1]), _ (2.26)
Byl )=Uy /INS(K)] . (2.27)

The second term of Eq. (2.26) represents particles taken out of the ny(p) by the excitation. The structure of 1 + [ B, ]
is shown in Fig. 1. We use the diagrammatic notation of Ref. 4 in which dashed and wiggly lines represent generalized
844—1 and g,,, —1 bonds. These bonds, respectively, represent sums of all possible correlations with #-lines at both ends
and with A-lines at one end and {-lines at the other. The B, diagrams have only g;; — 1 bonds. From Fig. 1 we obtain

1+[B,]=S2k)[1+A,K)], | (2.28)
Adk)=p? [ dripd3rize™ g u(12) — 11[ga(13)— 11[gas(23)— 1]
X (14 A4gq(123){1 4+ [224€12) — 117 4 [g40(13) = 117 4+ [g40(23) =117 1)), (2.29)

where A;;;(123) is the contribution of Abe diagrams.
The [ B} ] is shown in Fig. 2. We obtain

[Bi1=[B' |=gua (K[ 1+gualk)]+S™ A, (k) , | (2.30)
wiK)=p [ dr[gua(r)—1]e’*T, _ (2.31)
Apky=p* [ dr 13d 136" P g,4(12)— 1][ g4 (13) —1][g24(23) — 1]
X1+ Ay (123){ 14+ [4g(12) — 1171+ [g,0(13) — 1171 4+ [g44(23) —1171}) . (2.32)
We define ¢(k) as |
t1(k)=(2[ B} ]_1_[311)/s<k)=%mgwd(k)[1+gwd(k)]—S(k)[1+A,,<k>—2Aw(k)} , (2.33)

so that the contribution of this term to &ny(ry;-) is simply ¢,(k)ng(ry-)/N.
The contribution of C diagrams [Eq. (2.26)] can be divided into three parts. The diagrams belonglng to the first part
are shown in Fig. 3(a), and their contribution is given by

1 1 oy ‘
sy molrivde KT gl )]Zsﬁtz(k)no(rly)el R (2.34)
The contribution of diagrams included in the second part [Fig. 3(b)] is obtained as
1 —ikeryg 1 —ikeryy
NS (k) n()(.rll’)e ! r“[ (k)]zEng,(k)no(ru')e R . (2.35)

The third part includes all other C diagrams, whose contribution depends upon the directions of k and r;;’ in a nontrivi-
al fashion. We express it as T'(k,r ¢ )nglr ) /N,

T(k,rp)=[148,a(k)1D(k,r) 1) +gua(k)D* (K, 1) + S (K)D'(k,ryp) . (2.36)

The D(k,r;y) term is from diagrams shown in Fig. 4(a), while the second D*(k,r,;;) term is from diagrams of Fig. 4(b).
We have

Dk,ri)=p [ d¥riple™ ™ 4e" M) g,y (12)—11[gyu(1"2)—1]
XL+ Ay (11 2){ 1+ [0 (12) — 117 - [ga(12)— 117 1)) . (2.37)

The D'(k,r;y/) term represents the contribution of four-point and higher-order diagrams shown in 'Fig. 5.
In all, we have

ikery —iker g
“-{—t3(k)e 11

Bnk(r“')=%no(r11')[t1(k)+tz(k)e F Tk, (2.38)
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1+[B,]
’ > €2 ) + +
=1+ B + N+ \,/ + V/ + \V?
x \ 1 1 .
+ \—;) + k—\—/—} + + +
Y Y

:(]+D\)2 (I+ \;/ 4+ e )

= S%(k) [1+ Aq(K)]

FIG. 1. Diagrammatic calculation of 1 + [B;]. The dashed
lines represent gzz—1 bonds, the dots, internal points, and the
little circles, the external point 1. The directed line represents
the exp(ik Ty )-

from which we obtain

8nk(p)=—]i;[tl(k)no(p)+t2(k)no( Ik—p|)
+t3(knol | k+p | )+24(k,p)], (2.39)
where
t4(k,p)= fd3r11:n0(r11:)T(k,rur)e _ip.r”, . (2.40)

B. Limiting cases

The 8ny(p) takes a rather simple form in the limits
%k—0 and k—>oo. At small values of k we have the rela-
tions

S(k—0)=—2—k, (2.41)

2mce

gualk—0)=—34+ -, - (2.42)

where the ellipsis represents a term of O (k). Here c is the
velacity of sound, and the above relations follow from the
asymptotic behavior of the pair correlation:°

NAvATRvES v

LR

FIG. 2. Diagrams contributing to [Bi]. The wiggly lines
represent g,;—1 bonds, and the small circle denotes point 1.
Note that in B} diagrams, the exchange lines can start from

point 1 but not end in point 1.

(b)
FIG. 3. Diagrams that contribute to t, and t;. The two
small circles denote points 1 and 1’. Equations (2.34) and (2.35)
are obtained by factorizing the diagrams as-illustrated in (b).

me 1
217'2ﬁp r2
In the limit k-0, £, t,, and ¢; have terms of order 1/k,

while T is of order 1, and hence negligible. We find by
using the limits (2.41) and (2.42) in Egs. (2.33)—(2.35)

t(k—0)=—1/[25 (k)] , (2.44)
t2(k—0)=1/[4S (k)] , (2.45)

f\*Vi

-
(RNE

flr—ow)=1—

(2.43)

T
AN

(b)
FIG. 4. Diagrams that give D(k,ry)
butions.

and D*(k,r,y") contri-
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all
7 R

FIG. 5. Some of the diagrams that contribute to D'(k,r;y).

ts(k—0)=1/[4S (k)] . (2.46)

Thus a long-wavelength phonon removes 1/{2S5 (k)] parti-
cles from the ground state ny(p) and divides them equally
into two distributions ny(|p—k|) and no( |p+k|) cen-
tered at p=k and p=—k. The ny(p) has the singular
term Nn 8,0, and hence a phonon state has n,/[4S (k)]
particles each in the states with p=+k. The change in
the kinetic energy (KE) of the liquid on exciting a phonon
is given by

Q # 3 2
= —_— 2.4
2 2m [ @pém(pip?, (2.47)
and in the long-wavelength limit it is
#k* 1 1
8(KE)k—0)= o S > (k) . (2.48)

The phonon in Bose liquids is, indeed, a pure harmonic
vibration with half of its energy from kinetic and the oth-
er half from potential terms.

The k—» o limit is only of mathematical interest, since
we do not expect the Feynman wave function of the exci-
‘tation to be realistic in this limit. In this limit the excita-
tion has a single-particle character. The S(k— w0 )=1,
and g,g(k—c0), Alk— ), and T(k— oo,r) are all zero.
Thus, we have

fl(k—*oo)=—1‘, (2.49)
tilk—o)=1, (2.50)
t3(k— 00 )=124(k— c0,p)=0 2.51)

05

0.0

k(&
FIG. 6. S(k)and guu(k).

a single particle is removed from the ground state, and
put in a distribution ng(|p—k|) centered at p=k. In
this limit the energy of the Feynman excitation is
#2k?/2m, and it equals the change in the kinetic energy.

C. HNC/S calculations

The pair functions gy,, xy =dd, and wd, and the Abe
functions A,,, xyz =ddd, ddw, and wwd have been cal-
culated in Ref 4 with the hypernetted-chain-scaling
(HNC/S) method in which the contribution of elementary
diagrams is approximated by scaling that of the four-
point diagrams. We use these functions to calculate the
8ny(p). The S(k) and g,4(k) are shown in Fig. 6 for easy
reference. The guy(r) and g,4(r) are shown in Fig. 2 of
Ref. 4. The quantities #,, ¢,, and ¢ are relatively simple
integrals of the g and A functions. We find that the
Ag—2A, term contributes less than 5% of the f;, and

TABLE I Calculated values of the t 5.

k 11k)

tz(k) t3(k) tan(k) famlk)
0.2 —8.66 3.54 5.21 —0.12 2.15
0.4 —4.68 1.63 3.17 —0.18 2.04
0.6 . —3.37 1.08 2.35 —0.13 1.86
0.8 —2.61 0.80 1.75 —0.02 1.63
1.0 —2.12 0.67 1.25 0.14 1.37
1.2 —1.77 0.59 0.81 0.31 1.08
1.4 —1.53 0.56 0.44 0.46 0.78
1.6 —1.39 0.60 0.17 0.53 0.51
1.8 —1.31 0.73 0.02 0.44 0.27
2.0 —1.18 : 0.92 0.00 0.31 0.16
2.2 —1.00 1.09 0.03 —0.22 —0.06
24 —0.87 1.16 —0.13

003 —040
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hence the Abe corrections to the A’s [Egs. (2.29) and may be reasonably approximated as follows. We define

(2.32)] are neglected. The calculated values of the #;’s are —ipr

tabulated in Table I. Dyk,p)= [ &% pnolrip)D(k,1y0e ~ P10 (2.52)
The t4(k,p) is generally a function of k, p, and the an-

gle between k and p. It is difficult to calculate it, but it
|

This integral appears in the contribution of the D(k,r;1)
term to #4(k,p). We can rewrite it as

—ik-r,

Dy(,p)=p [ doripnolripde T T [ @™ e TR g1 (12) — 1] [gua(12)— 1](1 +2) (2.53)

where &/ represents Abe terms, and
rc=%(r1+r1') . (2‘54)

It is now clear that D;(k,p) is invariant under the transformation p—k—p, and hence it is convenient to consider D,
as a function of k, | p—k/2| and the polar angle © of |p—k/2| using k to define the Z axis. This function is invari-
ant under the transformation © —7—©. We neglected the Abe terms in D, and calculated D,(k, |p—k/2|,0) for
chosen values of k, |p—k/2|, and ©. The Dy(k, |p—k/2|,0) is peaked at_|p—k/2|=0. At small values of
|p—k /2| it has negligible dependence on 6. For k=1 A~ and [p—k/2{=1 A~!, the dependence on © is ~15%.
The Dy at k=1 A~! has decreased to ~ half its peak value at |[p—k/2| =1 A~'. Thus it appears that in the first ap-
proximation we may neglect the © dependence of D;. '

The angle average value, :

— 1 .
D(k, |p—k/2|)=7 [_ dcos® Di(k,|p—k/2|,0), (2.55)
is much simpler to calculate. It is given by |

D(k, [p—k/2{)=2p fd3"11'no(f”11' Vol [p—k/2|ry1) fd3r12]'o(krcz)[gwd(12)—1][gwd(1’2)—1](i+.;af) ,
' (2.56)

and should be a good approximation to D(k, |p—k/2|,0). The results for k=0.6, 1.0, and 2.0 A~ are shown in
Fig. 7. This function does not have any singularities. The singularities in 7¢(p) come from the long-range (71— o0 )
part of ng(ryy ), which is cut out in the D by the product of short-range functions g,4(12)—1 and g,;(1'2)—1.

The second integral in the #4(k,p) involving D*(k,r).) is calculated in a similar way. It is easy to show that

f d3r”:n0(ru:)D*(k,r11' )e ——ip.rll'=D1(k, —p)zb—l(k, Ip+k/2 l ) . (257)
The contribution of D’'(k,r;;-) contains the integral
D,(k,p)= f ds"u'no(ru')D'(k,rlr)e‘_ip.r“' . (2.58)

It depends upon the polar angle ©, of p; however, it is invariant under the transforiation ©,—m—06,. We neglect the
dependence on ©, and approximate D, by its angle average .

- 1 ‘
Dylk,p)=% [_ dcos©,D(k,p,0,) . ' (2.59)
The Abe corrections to D’ are neglected; we then have (from Fig. 5):

D, (k,p)=p* f d?riyno(rieVo(priv) f d3rad3r13jolkr )

X (2[gua(12)—1][2ua(1'3) ~ 11{1+[81a(1'2) — 1]+ [£ua(13) — 11} [g4a(23)— 1]

F[2ua(12) — 11[8uwa(12) — 1][gua(13) — 11[g,a(1'3) — 11g44(23)) . (2.60)
I -
The calculated values are shown in Fig. 8. The T,(k,p) is Q 3 f d3p8nk(p)p=k . (2.64)
thus approximated with ) (2m)
ta(k,p)=[1+g,4(K)ID(k, | p—~k/2]) - This implies that
+8ua(k)D (K, | p+k/2])+S (K)D,(k,p) . (k) 1y (k) +t5(k) +14,(k)=0 , (2.65)
(2.61) ta(k)=t3(k) +t4m(K)=1, (2.66)
The T4(k=1A"",p, ©, =0) is shown in Fig. 9. ~= - Where
The conservation of particles and momentum requires 1 i
that P ) 4 tan(k)= 3 fd3pt4(k,p,6p) , (2.67)
p(2r) .
0 ~ ; I .
d’pdny(p)=0, (2.63 ty (k)= Lros
(27r)3 f PP ) am(k) o2 K f d°pt4(k,p,O,)p cos®, .  (2.68)
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FIG.7. Di(k, |k/2—p]).

The calculated values of the ¢’s are listed in Table I. The
identities 2.65 and 2.66 are satisfied with an accuracy of
~159% of the largest .

III. THREE-BODY CORRELATIONS

In this section we calculate the 8n,(p) with the wave
function (1.2) for the ground state and the Feynman exci-
tation operator {1.4), using the three-body correlation

determined in Ref. 11. The cluster expansion for the .

ony(p) has the form given in Sec. II A; however, we must
now consider three-body bonds of the type [f;(ijk)]?—1
and f3(1jk)—1. The effect of these bonds on the two-
point functions gy, —1 is taken into account as discussed
in Refs. 4 and 11. Their effect on the Abe functions is

generally given by
]
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FIG. 8. Dy(k,p).

A (112) = A8,,(112)+ AL, 4 (1172) (3.1)

Apga(123)=F3(123)[ 1 + A54(123) + ALy (123)] =1,
(3.2)

Agqq(123)=[F3(123) [ 1 + A& (123) + ASza(123)] -1,
(3.3)

where A%, are four- or more-body Abe corrections from
two-body bonds g, —1, and A;yz are four- or more-body
Abe corrections that include three-body bonds.

- The t; and t3 [Egs. (2.34) and (2.35)] contain only two-
body integrals, and they are calculated as described in the
last section. In the Jastrow calculations and here also we
neglect all Abe corrections to the A’s [Eqgs. (2.29) and
(2.32)]. This corresponds to the following approximations
for the A’s:

Agl)=p? [ d 12d%r d%r13e"™ P [g44(12)— 11[844(23) — 11[8as(31) — 1]+ {[f3(123) P 1}ga(12)g44(23)224(31))

ik-r. ‘
Auk)=p* [ dripd%r13e"™ ™ ([gg(12) — 1][8u(13)~ 11[g4g(23) — 11 +[£3(123) — 1Igu( 12)gu( 13)g14(23)} .

The three-body correlations do not have a large effect
on the no(p) as discussed in Ref. 4. The calculated values
of the ¢#;_; with the wave function (1.2) are listed in Table

II. These differ from the t;_; for the Jastrow ¥, by
" <15%. The effect of the triplet correlation on the
t4(k,p) has not been calculated.

IV. BACKFLOW CORRELATIONS

In this section we calculate the ¢, _; with wave func-
tions (1.2) for the ground state and (1.5) and (1.6) for the
excited state. The cluster expansion of Sec. II A is still
valid; however, we now have many more terms containing
the backflow correlation bonds 7(ry;)k-r;;. There are no
two-body backflow correlations in the ground state, and
so the g, do not contain two-body backflow effects. The
triplet correlation, however, can be thought of as a back-
flow effect.!?

(3.4)

(3.5)

0.4 -
k=1.0 &

=l
p(A™)
FIG. 9. t4(k,p,©,=0). Total contributions of the D and D*
terms is shown by the dashed-dotted line, and the dashed line
gives that of the D’ term. The full line gives t4(k,p,0,=0).
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,(k), and t31k) using Jastrow {J), Jastrow plus triplet (J + T), and Jas-

trow plus triplet plus backflow (J 4 T + B) wave functlons

tl(k) (k) t3(k)

k J J4+T J+T+B J J+T J+T+B J J4+T J4+T+B
0.2 —8.66 —10.02 —9.89 3.54 423 4,13 5.21 5.89 5.85
0.4 —4.68 —35.43 —5.17 1.63 2.03 1.82 3.17 3.55 3.44
0.6 —3.37 —3.54 —3.23 1.08 1.20 0.92 2.35 2.44 2.25
08 261 --2.49 —2.27 0.80 0.77 0.49 1.75 1.70 1.46
1.0 —2.12 —2.00 —1.93 0.67 0.60 0.35 1.25 1.18 0.96
1.2 —1.77 —1.76 —1.82 0.59 0.56 0.35 0.81 0.77 0.63-
1.4 —1.53 —1.61 —1.75 0.56 0.56 0.41 0.44 0.44 0.37
1.6 —1.39 —1.48 —1.63 0.60 0.61 0.52 0.17 0.18 0.16
1.8 —1.31 —1.36 —1.48 0.73 0.73 0.68 0.02 0.03 0.02
2.0 —1.18 —1.17 —1.24 0.92 0.93 0.91 0.00 0.00 0.00
2.2 —1.00 —0.93 —0.96 _ . _1.09 1.10 1.10 0.03 0.03 0.03
24 —0.87 —0.80 —0. 83 1.16 1.17 1.15 0.03 0.03 0.03

We have developed, in Ref. 8, two approximations to
sum backflow terms. These approximations must be used
with the short-range backflow function 15(r) of Ref. 8.
The simpler of these is called the two-body (TB) factoriz-
able approximation in which only those terms whose con-
tributions can be expressed as products of two-body in-
tegrals are retained. The second, called extended TB or
ETB, considers the modification of the backflow correla-
tion n(#) due to Jastrow and triplet correlations in calcu-
lating the TB integrals. For the sake of clarity we first
calculate the #;_; in the TB approximation, and later give
expressions for the ETB.

The ratio X3 /X, given by NS(k) in the Jastrow theory
[Eq. (2.18})], becomes

Xy _ {¥o|ph(klpp(k) | ¥o)
Xo (¥ | ¥o)

=NXp(k)

N{SR)14++To (k) *+T102(K)} , (4.1)
" in the TB approximation.® The two-body integrals T 9,2(k)
and IlO z(k) arc

To (k)=2p [ dPre™™(r)ik-1844(r) , 4.2)

Tyoa(k)=p [ d*r(1—e™")[krn(r)Fgaa(r)

We have to replace the S(k) in the denominator of Eq.
(2.27) for 8ny(r;;) by the Xpz(k).

The terms included in this calculation of Xg(k) are il-
lustrated with diagrams in Fig. 10. The dashed-dotted
line in these diagrams represents the backflow correlation
in(r)k-r (in Ref. 8 the backflow correlations are shown by
wiggly lines which we have used here for denoting g,,; — 1
bonds). The backflow is around the particle in momen-
tum state k. The exchange line starts and ends on the
vertices representing this particle in ¥, and W§. Thus all
backflow correlations in Wy, must start from the beginning
of the exchange line, while those in Wi must start from
the end of the exchange line. A mark between the ex-
change and the backflow line is used to differentiate the
backflow correlations from ¥y and ¥;. If the mark is at

the beginning of the exchange line the correlation is from

(4.3)

W, and if it is at the end then the correlation is from Wj.
The backflow correlation between two points 7 and j is
tin(ry)k-r;, where i is the vertex at which the lines are
marked, and the sign is positive (negative) when it is from
W, (¥y). We note that in the numerator diagrams with
points 1 and 1’, the point 1 can only have backflow corre-
lations from ¥y, and 1’ from W§.

The diagrams of Fig. 11 illustrate the backflow contri-
bution to [B;] in the TB approximation. The terms of
Fig. 11.1 give Sp(k)I, ,(k), where

Sp(k)=S (k) 1+5To,(K)] . 4.4)
The terms of Fig. 11.2 give
2(k){19 2(k [Ig 2 k)]z} 4.5)

to which we add S*k) from ths contribution with no
backflow lines [Eq. (2.28)] to obtain [Sp(k)]®. The terms
of Fig. 11.3 give 21,0 ,(k), while those of Fig. 11.4 togeth-

er with the Sz(k)Ad(k) from Eq. (2.28) give
[S5(k)1?A4(k). Thus the 1 +[B;] in TB approximation
is given by

1+[B1=Sp(k) (k)

+SHEN 14 Aglk))+2T 10 k) - (4.6)
I R -
o B
+ . // + N/ + \ 7
v k4 . ¥
17ZanN | A 2.
N R zf; ]
i 6 -
= N st (1 + )2
PR T> o+ ezEse]

FIG. 10. Diagrammatic illustration of the calculation of
X /X, in the TB approximation.
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FIG. 11. Backflow diagramsin[B,].

The backflow contribution to [Bl] is illustrated in Fig.
12. The diagrams of Fig. 12.1 give —Sg(k)dez k), where

de,z(k)=2pfik-rn(;')gu,d(r)eik"d3r. 4.7)

" {fm
7
L
RSN

FIG. 12. Backflow diagrams in [ B ].

Gua( K[ 1+ 5T, (k)]

X {14 g (K[ 1+ 5T 2 (k) ]+ 51 2(K)} -

(4.8)
In the TB approximation Iy, ,=I,4, [Eq. (4.7)]. Dia-
grams of Fig. 11.4, with wiggly instead of the dashed lines
from point 1, also contribute to [B]]. They convert the

On adding the contribution of diagrams 12.2 to the  S%(k)A,(k) of Eq. (2.30) to [ Sp(k)]*A,(k). In all we ob-
Zua(k)[1+4g,4(k)] from Eq. (2.30) we obtain tain
] -
nk)=— ( )(Zgwd(k (14 5T, ()] { 1+ ug (k) 1+ 3T9 2 (k) ]+ 3 Ty, o)}
B
+ STy (k) —Tg 2 (k)] —SFURI 1+ A g (k) =28, (k)] —2T 10 5(k)) . (4.9)

The backflow [ C] diagrams that contribute to #, are
shown in Fig. 13. By adding their contribution to that of
diagrams without backflow lines [Eq. (2.34)] we obtain

ty(k)= {1+ (K[ 1+ 51550k ]+ 5Ty}

_1
Xp(k)
(4.10)

Similarly by adding the contribution of [ C] diagrams in
Fig. 14 to the t5 of Eq. (2.35), we get

t3(k)= {gua(R)[ 1+ 5T (k)2 4.11)

Xp(k)
In the ETB approximation we add the contribution of
diagrams with elements shown in Fig. 15.1 to all diagrams
that contain the element shown in Fig. 15.2. The contri-
bution of the elements of Fig. 15.1 is denoted by 8744(r):

8aa(ryy)= ‘;o? f d’riry typn(ry)gaa(ik)
if

X[gaaljk)—1—2'] . (4.12)

FIG. 13. Backflow diagrams contributing to ¢,.



ARARE

FIG. 14. Backflow diagrams contributing to 3.

The elements 874, () and 87,,4(7) are shown in Figs. 15.3
and 15.5 We obtain

8"7a'w(”zl 72 fd P T it )8aa (1K)
X [guallk)—1+ 217, (4.13)
8t (1) = ‘& fd3rzkrzk o 1 08w (Fike)
X[gaulik)—1+/7 . (4.14)

These are added to diagrams that have elements in Figs.
15.4 and 15.6, respectively. o

The two-body integrals Ig,(k), I,ga(k),
T0,2(k) modified by the 87 contributions are, respective-
ly, given by

Toti)=2p [ d* ik-xe™ T {n(r)gaa(r)+naa(r)gaa =11} ,
Toa(k)=2p [ &3 ikore ™ {n(rigua(r)+8mua(r)gualr)~11} , | (4.16)
Tao(k)=2p [ @°r ik-re ™ (1(r)gua(r)+57an(Pguat) — 11} ,

Totk)=p [ & 2aa TP 9(P) +8040() ] —e™ [ (r) +8maa (NP}

The calculated values of #;_3 in the ETB approxima-
tion are listed in Table II. We see that the backflow
correlations have a 51gn1ﬁcant effect on the ¢, in the max-
on region (k ~1 A~1). We have not calculated the effect
to backflow correlations on t4(k,p).

V. MOMENTUM DISTRIBUTION
AT LOW TEMPERATURES

At low (<1 K) temperatures liquid “He can be thought
of as a gas of noninteracting elementary excitations. Thus
the momentum distribution of atoms in the liquid at low
temperatures can be expressed as

n(T,p)=no(p)+6n(T,p), (5.1)
d3k
on(To=1 5 | Spamr 1o P

where e(k) is the energy of the excitation of momentum __

k, and B is the inverse temperature. In thls temperature
range only the excitations with k <0.2 A~ lare important,
and the ¢, term of the 8n,(p) is unimportant. Neglecting
it we obtain

Sn(T,p)=8n(T,p)+6n,(T,p) , (5.3)

3t . STRUCTURE OF ELEMENTARY EXCITATIONS AND. ..

Ty oK),

(5.2)

153 15.4
k
RN £
N
&V S
I i | _.I
15.5 15.6

FIG. 15. Elements 15.1, 15.3, and 15.5 represent the 81’s.
They can substitute the 7 elements 15.2, 15.4, and 15.6 in TB
diagrams. The exchange lines in elements 15.1, 15.2, and 15.3

can have any direction.

(4.15)

4.17)

(4.18)
I
1 4’k
Snl(T,P)-—(zﬂ_Ppno(p)f pom R ORI
1 d’k
ny(T,p)= :
amTo= o | opek]—1
X [t2(k)+15(0) Inol | p—Kk|) . (5.5)

TABLE III. Change in the condensate fraction #. as a func-
tion of temperature. The theoretical value (Refs. 2 and 4) at
T=0 n,(0) is 0.092 and the experimental value (Ref. 6} is
0.139+0.023.

8u (T)
n,(0)

T J J+T J+T+B
0.1 . —0.00016 —0.00016 —0.00016
0.2 —0.00066 —0.000 64 —0.0064
0.3 —0.0015 —0.0014 —0.0014
0.4 —0.0027 —0.0025 —0.0025
Q.S ‘ —0.0041 —0.0039 —0.0039
0.6 —0.0059 —0.0055 —0.0055

0.7 —0.0079 —0.0074 —0.0074
0.8 —0.0103 —0.0095 —0.0095
0.9 —0.0129 —0.0118 —0.0119
1.0 —0.0157 —0.0145

—0.0144
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TABLE IV. Change in the momentum distribution 8n(p,T) for various temperatures. The last
column is the momentum distribution in the ground state obtained from variational calculation (Ref. 4).

8n(p,T)
02 0.4 0.6 0.8 1.0 7(p,0)
0.015 2.825 8.919 15.413 22.010 28.646 5.01
0.035 0.195 1.065 2.155 3.312 4.497 2.36
0.055 0.010 0.177 0.504 0.944 1.341 1.66
0.075 0.001 0.053 0.190 0.379 0.595 1.33
0.095 0.000 0.011 0.060 0.146 0.256 1.14
0.115 0.003 0.024 0.070 0.134 1.02
0.135 0.001 0.008 0.030 0.065 0.93
0.155 0.000 0.003 0.014 0.034 0.86
0.175 0.006 0.018 0.81
0.195 0.003 0.009 0.76
0.215 0.001 0.005 0.73
0.235 0.001 0.003 0.70
We can further approximate the 8n(7,p) at small T by 8ny(T,p)= ﬂc(O)mc 1 . (5.9
using the small-k limits discussed in Sec. IIB. This gives fip  exp(Bfipc)—1

-1 d’k____mec
8n,(T,P)= 2o no(p) f exp(Btike)—1 #ik
=—n (p)T2< = >-=-—n (pXT/To)
0 12p%%¢ ° .
(5.6)
1 d3k mc
onaTop)= (2m)p J expBike)—1 7k "ot 1k—Pl)
(5.7)

The effect of temperature on the fraction of particles n,
in the p=0 state is given by Eq. (5.6) as

n(T)=n (T =0)[1—(T/Ty)?], (5.8)
where Ty is ~7.6 K. The above equation has also been
obtained by a phenomenological approach,'® and from the
structure of the perturbation theory at finite tempera-
ture.* The results for the condensate fraction obtained
with the e(k) and the ¢;(k) [Eq. (5.4)] are given in Table
III. These are quite close to the asymptotic ( T—0) form
(5.8), and fairly independent of the choice of the wave
functions, They mostly depend upon the experimentally
known S (k) and €(k).

The 8-function term pn,(0)8(p) in no(p) gives rise to
terms in &n,(T,p) that have singular behavior at p—0.
We denote by 8n,(T,p) the contribution of this term to
6”2(T,p):

At small p (Bfipc <<1) we can expand the Bose factor in
"powers of p: o ;

1 1 1

——— e 5.10

exp(Bipc)— 1~ ppc 2 T (5.10)
and obtain

8n,(T,p)=nc(0)-———m——-%nc(O)’;—;+ cee L (5.11)

#Bp?

Recall that the ng(p) has exactly the same 1/p term* with
positive sign. Thus at Bpfic <<1, the 1/p term in the
no(p) is exactly cancelled by the 1/p term in 8n(T,P).
Thus the total #(T,p) can be expected to exhibit the 1/ p
singularity only for Bfipc>1. This cancellation has re-
cently been noted by Griffin.'"® The 1/p? term in Eq.
(5.11) has been discussed in Refs. 13 and 14.

The calculated values of the 8n(T,ps£0) are shown in
Table IV. The Egs. (5.3)—(5.5) are used to obtain these re-
sults, but they are not too sensitive to the deviations of
t13(k) or e(k) from their low-k limits. The 8n (T,p=£0)
is positive in this temperature range. Thus it appears that
at low temperatures, atoms are removed from the p=0
condensate and put in states with €(p) < 77T. The momen-
tum distribution at values of p such that e(p)>#T is
unaffected by the thermal effects.
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